We extend in several directions a theorem of B. Muckenhoupt and R. Wheeden relating the LP-norms of Riesz potentials and fractional maximal operators. We apply these results to give a simple proof and sharpen a weighted inequality for Schr6dinger operators of Chang, Wilson and Wolff. IiIflf iILP(W) II |MflfIL(w) for each function f E COc In recent years this theorem has found several interesting applications. For instance in [1] D. Adams has provided a simpler proof of the celebrated T. Wolff's inequality in nonlinear potential theory than that in [12]. Another interesting realization of Muckenhoupt-Wheeden's theorem is that it is essentially equivalent with the fact that the positive cone of the Triebel-Lizorkin spaces lFp'c, a < 0, 0 < p, q < oo is independent of the parameter q (cf. [15]). As we mentioned above M. Schechter used it (cf. [22]) to give a simpler proof of an estimate for Schrodinger operators due to C. Fefferman and D. H. Phong (cf. below). The weighted inequality obtained by Chang, Wilson and Wolff is the following: Theorem 1.2. Let p: (0, oc) -* (0, o0) be an increasing function, such that for some positive constant c, J 1 dt
INTRODUCTION
The main purpose of this paper is to give a simple proof and to sharpen a weighted inequality for Schrodinger operators obtained by A. Chang, M. Wilson and T. Wolff in [6] . Our approach is different, and it is based on several extensions of an important theorem of B. Muckenhoupt and R. Wheeden (cf. [19] ) relating the Riesz potentials and the fractional maximal operators. The idea of using Muckenhoupt-Wheeden's theorem for studying these questions is taken from M. Schechter in [22] .
To be precise we let IA, 0 < fi < n, denote the Riesz potentials or fractional where the constant C is a multiple of k, but independent of f. Shortly afterwards S. Chanillo and R. Wheeden apply the method of [6] to extend this result to the LP case. This has been done in [7] . They also consider a weighted version of (3) by replacing the Lebesgue measure dx on the righthand side by the weighted measure w (x) dx, with the assumption that w E Ap . On the other hand R. Kerman and E. Sawyer obtained in [16] , and by different means, the following less geometrical but necessary and sufficient condition on v for inequality (3) to hold: JQJQV (X)2V(y)K dx dy < kv2(Q), uniformly on each dyadic cube Q, where v2(Q) = QV(y)2 dy. The paper is organized as follows. In ?2 we state the main results of the paper. In ?3 we collect some known results and set some notations that will be used in the sequel. In ?4 we shall prove several extensions of the Muckenhoupt-Wheeden theorem, and finally in ?5 we apply these results to obtain a weighted inequality for Schrodinger operators.
J. M. Wilson has obtained in [25] Chanillo-Wheeden's theorem by deriving first a two weighted square function inequality. If we let ?o(t) = tr-l, 1 < r < oo, the condition on v becomes
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STATEMENT OF THE RESULTS
Our first result shows that Theorem 1.1 for the Lebesgue measure w = 1 still holds if we replace the LP space norm by more general Banach function space norms. For an arbitrary Banach function space X, X' denotes it dual, which is also another Banach function space. 
)_)
We remark that none of the above results follow directly from the good-) type estimate obtained in [19] .
In order to state our extension of Theorem 1. 
i B(t)) t
We also point out that we get an equivalent definition if we replace c by 1 . 
Example 2.6. Let 1 < p < oc. A typical Young function that belongs to the class Bp is B(t) = ts with 1 < s < p. Another more interesting example is when considering B such that B(t) tP' logP I1+(i + t), or B(t) tP logP 1(I + t)[loglog(l + t)]P with a > 0. Then B E Bp by the above remark.

Our LP version of Theorem 1.2 is Corollary 2.7. Let 1 < p < oc, and let B be a Youngfunction such that B E Bp,i.
Suppose that v is a nonnegative function on in such that for every cube Q
PRELIMINARIES
In this section we shall provide some background from the theory of function spaces that will be used later. We begin by recalling some basic facts about the theory of Banach function spaces. We shall refer to [3] for a more complete account . Let (R, ,) 
where ,u(E) = t. Observe that the particular choice of the set E with A(E) = t is immaterial by the rearrangement-invariance of X. (ox is quasiconcave and continuous, except perhaps at the origin. Furthermore, if X' is the associate space of X the following identity holds:
Examples of rearrangement-invariant spaces include the Lebesgue LP spaces, the Lorentz A, M, and LP q spaces (cf. [3]), and the Orlicz spaces that we are going to describe briefly next.
The Orlicz spaces are one of the most relevant rearrangement-invariant Banach function spaces. We shall provide some basic facts about these spaces, and refer to the classical reference [17] or to [18, Chapter 3] for a general account . A function B defined on [0, oc) is a Young function if it is continuous, convex and increasing and satisfying B(O) = 0 and B(t) -+ oc as t -oo. We shall assume that B is normalized so that B(1) = 1. We shall require that B satisfies the A2 condition, namely that there are constants C > 0, k > 0 so that (17) B(2t)<CB(t), t>k>O.
Each Young function B has associated a complementary Young function B that satisfies (18) t<B-I(t)B (t)<2t, t>O.
Also we shall make use of the following property without explicit reference: 
Theorem 3.1 (G. G. Lorentz-T. Shimogaki). Let X be a rearrangement-invariant space on Rn. Then the Hardy-Littlewood maximal operator M is bounded on X if and only if the upper index of X satisfies oix < 1 .
For the proof we refer the reader to [3, Chapter 3].
Example 3.2. Let 1 < p < o0, then the Lebesgue LP spaces, or Lorentz LP, q spaces, have Boyd index less than 1. Also, the same is true for any Orlicz space LB with Young function defined by B(t) tP logm(I + t), p > 1, m E 1.
We shall conclude the section recalling some basic definitions from the theory of weighted norm inequalities that will be needed later. We say that the weight w belongs to the Muckenhoupt class Ap, 1 < p < o0, if there is a constant c such that (20) ( w (y) (dy J(w)y-P dy) < c uniformly for all cubes Q. For 1 < p < oc, p' will always denote the dual of p, that is I + p, = 1. In the limit case p = 1, we have
(I w(y)dy) ess.sup(w-) <c for all Q; this is equivalent to saying Mw(x) < cw(x) for almost every x E
Rn . For the other limit case, p = o0, we have that (21) Ao= U Ap X p>1 which is equivalent with the definition (1) given in the first section. For a general introduction to the subject, and for historical comments as well we refer the reader to [1 1]. Finally, since we assume that B E Bmin{p,,q'}, an application of Lemma 2.10 concludes the proof of Theorem 2.9. D
PROOFS OF THE EXTENSIONS OF THE
